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For some cavity-quantum-electrodynamics systems, such as a single electron spin coupled to a passive cavity,
it is challenging to reach the strong-coupling regime. In such a weak-coupling regime, the conventional disper-
sive readout technique cannot be used to resolve the quantum states of the spin. Here we propose an improved
dispersive readout method to measure the quantum states of a weakly coupled qubit by harnessing either one
or two auxiliary cavities linearly coupled to the passive cavity containing the qubit. With appropriate param-
eters in both cases, the system excluding the qubit can exhibit a parity-time-symmetric phase transition at the
exceptional point (EP). Because the EP can amplify the perturbation induced by the qubit and the parity-time
symmetry can narrow the linewidths of the peaks in the transmission spectrum of the passive cavity, we can
measure the quantum states of the weakly coupled qubit via this transmission spectrum. Owing to the weak
coupling between the qubit and the passive cavity, the backaction due to the measurement of the qubit can also
be reduced in comparison with the conventional dispersive readout technique in the strong-coupling regime.
I. INTRODUCTION
The storage, manipulation, and readout of the states of a
qubit are basic tasks in quantum information processing [1–3].
In circuit quantum electrodynamics (QED) (see, e.g., 4–6 for
reviews), dispersive quantum nondemolition (QND) measure-
ment is implementable for the readout of quantum states of a
superconducting (SC) qubit [7], when it is strongly coupled to
a coplanar waveguide resonator, i.e., a one-dimensional (1D)
on-chip cavity. With the qubit-cavity system in the dispersive
regime, frequency shifts occur for the cavity, depending on
the states of the qubit, and can be probed by measuring the
transmission spectrum of the cavity.
With technological advancement, the dispersive QND read-
out has been applied to various solid-state systems, including
the ac-driven system [8], spin ensembles [9], and multilevel
systems [10, 11]. Also, it has been extended to the ultrastrong-
coupling regime [12, 13]. Indeed, strong- [7], ultrastrong-
[14–17], and even deep-strong-coupling [18] regimes have
been reached in circuit QED systems, but they are difficult to
achieve for some other systems such as a single-electron spin
coupled to a cavity, which still remains in the weak-coupling
regime [5, 6]. Very recently, it was proposed [19] to disper-
sively measure the states of a weakly coupled qubit using a
single 2D square SC cavity with a pair of near-resonant modes
A and B, where both cavity modes are coupled to the probe
field but only mode A is weakly coupled to the qubit. In the
circuit QED, 1D rather than 2D SC cavities are commonly
used because a 1D cavity can yield a smaller effective volume
to produce a stronger coupling strength. In addition, due to
the requirement of two near-resonant modes in a 2D cavity, it
is difficult to avoid the direct coupling of the probed qubit to
the auxiliary mode (i.e., mode B) [20]. Moreover, the effect
of the qubit’s decay was neglected in Ref. [19], but in the con-
sidered weak-coupling regime, the decay rate of the qubit is
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comparable to the frequency detuning between the qubit and
mode A and thus it cannot be ignored.
A SC circuit with party-time (PT ) symmetry was pro-
posed in Ref. [21], which consists of two cavities with bal-
anced gain and loss. The PT -symmetric system has a non-
Hermitian Hamiltonian, but with real energy spectrum in its
PT -symmetric phase [22–25]. When varying the parameters,
the system can experience a phase transition in the parame-
ter space [26–28], from the PT -symmetric phase with real
eigenvalues to the PT -symmetry-breaking phase with com-
plex eigenvalues. The corresponding critical point is called
the nth-order exceptional point (EPn) [29], where n modes be-
come coalescent. The EPs have been widely studied in various
PT -symmetric systems, owing to their intriguing properties,
such as the unidirectional invisibility [30, 31], the lowering
of chaos’ threshold power [32], the induced abnormal laser
phenomena [33–35], and the enhanced spontaneous emis-
sion [36]. In particular, the sensitivity of the detection can
be enhanced near an EP in, e.g., microcavity sensors [37] and
metrology [38]. Actually, a weak perturbation ξ on the PT -
symmetric Hamiltonian can induce a spectral splitting of the
non-Hermitian system around an EPn by following a ξ1/n de-
pendence [39, 40]. This indicates that a higher-order EP can
enhance the sensitivity of the sensors more.
In this paper, we propose two dispersive readout schemes to
measure the states of a qubit weakly coupled to a cavity a [cf.
Fig. 1(a)] (i.e., in the weak-coupling regime), by harnessing
auxiliary cavities. In the first scheme, an auxiliary cavity b
with gain is introduced [see Fig. 1(b)], which is linearly cou-
pled to cavity a. In this scheme, cavity a is far off resonance
with the qubit, but on resonance with cavity b. With the bal-
anced loss and gain, the PT -symmetric subsystem, consisting
of cavities a and b, can exhibit a phase transition at an EP2.
We find that the difference of the system’s energy spectrum
when the qubit is in the ground and excited states, respec-
tively, can be amplified near the EP2. Also, linewidths of the
peaks in the transmission spectrum of cavity a are squeezed.
These can be used to probe the states of the qubit in cavity a.
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2In the second scheme, we harness two auxiliary cavities b and
c [see Fig. 1(c)]. With appropriate parameters, the subsystem,
consisting of the three cavities a, b, and c, can also be PT
symmetric and have an EP3. Compared with the first scheme,
the sensitivity of the detection is enhanced when probing the
states of the qubit around the EP3. This further improves the
dispersive readout method [40].
The proposed dispersive readout scheme only involves the
weak-coupling regime [5, 6], so it can suppress the un-
wanted backaction of the measurement on the qubit, as com-
pared with the conventional dispersive readout method in the
strong-coupling regime. Also, different from the proposal in
Ref. [19], the auxiliary cavities are spatially separated from
the probed qubit to avoid the direct coupling between the aux-
iliary cavities and the qubit. Moreover, in contrast to the pro-
posal in Ref. [19], the effect of the qubit’s decay is consid-
ered here, because it actually cannot be ignored in the weak-
coupling regime. Combining the intriguing properties of the
PT symmetry [27, 28] and the EPs [30–36], it is expected to
explore more novel phenomena in the future by enhancing the
sensitivity and precision of the quantum metrology.
II. THE MODEL
For a qubit coupled to a cavity, the system is governed by
the following Hamiltonian (setting ~ = 1):
Hs = ωaa†a +
1
2
ωqσz + g(a†σ− + aσ+), (1)
where a† (a) is the creation (annihilation) operator of the cav-
ity mode with frequency ωa, ωq is the transition frequency
of the qubit, σx, σy, and σz are spin-1/2 Pauli operators,
σ± = (σx ± iσy)/2 are the ladder operators of the qubit, and
g is the coupling strength between the qubit and the cavity. In
the dispersive regime, i.e., g  ∆q, with ∆q ≡ ωq − ωa be-
ing the frequency detuning between the qubit and the cavity,
the qubit is approximately decoupled from the cavity, but the
cavity frequency is shifted from ωa by ±g2/∆q [7], where it
is supposed that ωq > ωa, and + (−) corresponds to the qubit
being in the excited (ground) state. For a lossy (i.e., passive)
cavity, as illustrated in Fig. 1(a), when the qubit is strongly
coupled to the cavity (i.e., g  {κa, γ}max), the qubit state can
be probed by measuring the transmission spectrum of the cav-
ity a because g2/∆q > κa, where κa is the damping rate of the
cavity mode and γ is the decay rate of the qubit. However, in
the weak-coupling regime (i.e., g < {κa, γ}min), the conven-
tional dispersive readout scheme fails since g2/∆q  κa.
To measure the state of a weakly coupled qubit, one can
couple the passive cavity to an auxiliary cavity with gain (i.e.,
an active cavity) [21]; see Fig. 1(b). The Hamiltonian of the
auxiliary cavity is
Haux = ωbb†b, (2)
and the interaction Hamiltonian between the active and pas-
sive cavities is
Hint = J1(a†b + ab†), (3)
FIG. 1. Schematic of the proposed setup for the dispersive readout
of (a) a qubit weakly coupled to a passive cavity, using either (b)
an auxiliary cavity or (c) two auxiliary cavities linearly coupled to
the passive cavity. Here, ain and aout are the input- and output-field
operators.
where b (b†) is the annihilation (creation) operator of the aux-
iliary cavity mode with frequency ωb, and J1 is the coupling
strength between the active and passive cavities. The total
Hamiltonian H = Hs + Haux + Hint of the system can be writ-
ten as
H = ωaa†a + ωbb†b +
1
2
ωqσz + g(a†σ− + aσ+)
+ J1(a†b + ab†).
(4)
Eliminating the degree of freedom of the qubit via the quan-
tum Langevin approach [41], we obtain the effective non-
Hermitian Hamiltonian of the system (see Appendix A 1),
H( j)eff = (δ
( j)
q − iκa)a†a + (∆b + iκb)b†b + J1(a†b + ab†), (5)
where ∆b = ωb − ωa is the frequency detuning between the
passive and active cavities, κb is the gain rate of the auxiliary
active cavity b, and
δ
( j)
q ≡ δ(e)q = +
g2
∆q − iγ , j = e,
δ
( j)
q ≡ δ(g)q = − g
2
∆q − iγ , j = g,
(6)
are the qubit-induced frequency shifts of the lossy cavity
mode when the qubit is in the excited and ground states (i.e.,
j = e and j = g), respectively. Under the dispersive strong-
coupling condition ∆q  g  {κa, γ}max, δ( j)q is reduced to
δ
( j)
q = ±g2/∆q, with ∆q − iγ ≈ ∆q. However, the decay rate
of the qubit cannot be ignored [19] in the dispersive weak-
coupling regime, ∆q  g and g < {κa, γ}min, because the re-
lation ∆q  γ becomes invalid. In this case, we can treat the
weakly coupled qubit as a perturbation acting on the passive
cavity, since |δ( j)q |  κa.
3In order to further improve the dispersive readout
method [40], we introduce another auxiliary cavity c coupled
to the first auxiliary cavity b [see Fig. 1(c)]. The interaction
Hamiltonian Hint is the same as in Eq. (3), but the Hamiltonian
Haux of the double auxiliary cavities is
Haux = ωbb†b + ωcc†c + J2(b†c + bc†), (7)
where c (c†) is the annihilation (creation) operator of the cav-
ity mode with frequency ωc in the second auxiliary cavity, and
J2 is the coupling strength between the two auxiliary cavities.
The total Hamiltonian H = Hs + Haux + Hint of the system is
now given by
H = ωaa†a + ωbb†b + ωcc†c +
1
2
ωqσz + g(a†σ− + aσ+)
+ J1(a†b + ab†) + J2(b†c + bc†).
(8)
Also, eliminating the degree of freedom of the qubit and in-
cluding both loss and gain in the system, we obtain the ef-
fective non-Hermitian Hamiltonian of the system (see Ap-
pendix A 2)
H( j)eff = (δ
( j)
q − iκa)a†a + (∆b + iκb)b†b + (∆c + iκc)c†c
+ J1(a†b + ab†) + J2(b†c + bc†),
(9)
where ∆c = ωc − ωa is the frequency detuning of the cavity c
from the cavity a, and κc is the gain rate of the cavity c.
III. READOUT OF A QUBIT AROUND THE EP2
Without the qubit, i.e., δ( j)q = 0, the effective Hamiltonian
H( j)eff in Eq. (5) is reduced to a Hamiltonian with the PT sym-
metry,
HPT = −iκaa†a + iκab†b + J1(a†b + ab†), (10)
when the passive cavity is resonant with the auxiliary cav-
ity (∆b = 0) and both the gain and loss of the two cavities
are balanced (κb/κa = 1). Diagonalizing the PT -symmetric
Hamiltonian HPT, we obtain the two eigenfrequencies of the
system’s supermodes d±,
Ω± = ±
√
J21 − κ2a. (11)
The system can experience a phase transition from the PT -
symmetric phase with real Ω± to the PT -symmetry-breaking
phase with complex Ω±, when J1/κa varies from J1/κa > 1 to
J1/κa < 1. For a non-Hermitian system, the real and imagi-
nary parts of the eigenvalues Ω±, Re[Ω±] and Im[Ω±], repre-
sent the frequency detunings of the supermodes d± from the
cavity mode a and their loss or gain rates, respectively. At
the critical point (i.e., the EP2) with JEP2/κa = 1, the two
eigenvalues coalesce to Ω± = 0. It is at the EP that the de-
tection sensitivity of the frequency or energy splitting can be
enhanced [37–40]. Thus, one can probe the state of a weakly
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FIG. 2. (a) The difference ∆Ω±/κa between the real parts of the
eigenfrequencies Ω(g)± and Ω
(e)
± , Re[Ω
(g)
± ] and Re[Ω
(e)
± ], vs the coupling
strength J1/κa in the case of an auxiliary cavity with κb/κa = 1. (b)
The difference ∆Ω±,0/κa between the real parts of the eigenfrequen-
cies Ω(g)±,0 and Ω
(e)
±,0, Re[Ω
(g)
±,0] and Re[Ω
(e)
±,0], vs the coupling strength
J1/κa in the case of two auxiliary cavities with ∆c = κb = 0, J1 = J2,
and κc/κa = 1. Other parameters are chosen to be ∆b = 0, γ/κa = 1,
g/κa = 0.2, and ∆q = 10g.
coupled qubit around the EP2 by measuring the transmission
spectrum of the lossy cavity.
When including the qubit, the two eigenfrequencies Ω± of
the system’s supermodes d± become
Ω
( j)
± =
δ
( j)
q
2
±
√
J21 +
(
δ
( j)
q
2
)2
− κ2a − iκaδ( j)q , (12)
as obtained by diagonalizing the effective Hamiltonian H( j)eff in
Eq. (5) under the PT -symmetric condition. Note that the pa-
rameter in the square root of Eq. (12) becomes complex when
the qubit is included in the Hamiltonian of the system. For a
complex number z = ρeiθ, where ρ and θ are real, its square
root has two values ζ =
√
z =
√
ρei(θ+2kpi)/2 = ±√ρeiθ/2, with
k = 0, 1. Obviously, there is no effect on the eigenvalues of
the system when choosing either k = 0 or 1 for Eq. (12). Here-
after, we choose k = 0 and −pi < θ ≤ pi in our numerical sim-
ulation. In the transmission spectrum of the passive cavity a,
there are two peaks corresponding to the two eigenfrequencies
Ω
( j)
± for j = e or g, where Re[Ω
( j)
± ] and Im[Ω
( j)
± ] determine the
locations and linewidths of the two peaks, respectively [42].
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FIG. 3. The transmission spectrum |S ( j)21 (ω)|2 of the passive cavity
vs the probe-field frequency ω/κa in the case of an auxiliary cavity,
where κi/κa = κo/κa = 1/2 and (a) J1 = 0, (b) J1/κa = 0.5, (c)
J1/κa = 0.99, (d) J1/κa = 1, (e) J1/κa = 1.01, and (f) J1/κa = 1.5.
Other parameters are the same as in Fig. 2(a).
To show that the perturbation induced by the qubit can be
amplified by the EP2, we introduce two experimentally mea-
surable quantities,
∆Ω± = Re[Ω(e)± ] − Re[Ω(g)± ], (13)
which represent the frequency differences of the system when
the qubit is in the ground and excited states, respectively. In
Fig. 2(a), we display the differences ∆Ω±/κa versus the cou-
pling strength J1/κa. When J1/κa varies from 0 (i.e., without
the auxiliary cavity) to ∼ 1 (i.e., around the EP2), the differ-
ence ∆Ω+/κa increases from 0.016 to 0.066 (solid black curve)
and ∆Ω−/κa decreases to -0.034 (dashed red curve). However,
∆Ω+/κa sharply decreases to 0.020, and ∆Ω−/κa increases to
0.011 as the coupling strength J1/κa further increases to 2.
The peak (dip) around J1 = JEP2 corresponds to the maximum
(minimum) value of ∆Ω+/κa (∆Ω−/κa), which can be used to
resolve the states of the weakly coupled qubit.
In the experiment, the dispersive readout of the qubit can be
realized by measuring the transmission spectrum. As shown
in Fig. 1(a), there is an input (output) field ain (aout) with fre-
quency ω acting on the input (output) port of the cavity a.
With the relation a( j)out = S
( j)
21 (ω)ain, we can define the transmis-
sion coefficient S ( j)21 (ω) of the passive cavity (see Appendix B),
S ( j)21 (ω) =
2
√
κiκo
κa + i(δ
( j)
q − ω) + ∑(ω) , (14)
where the decay rate κi (κo) of the passive cavity a is induced
by the input (output) port, and∑
(ω) =
J21
−κb + i(∆b − ω) (15)
is the self-energy resulting from cavity b. If the transmission
spectra S (g)21 (ω) and S
(e)
21 (ω) have a clear difference, the qubit
state can then be resolved by measuring the transmission spec-
trum S ( j)21 (ω) of the passive cavity.
In the absence of the auxiliary cavity (i.e., J1 = 0), the
states of the qubit weakly coupled to a passive cavity cannot
be resolved when using the dispersive readout method [see
Fig. 3(a)]. For J1/κa , 0 but away from the EP2, it is still
difficult to resolve the quantum states of the weakly coupled
qubit [see Figs. 3(b) and 3(f) with J1/κa = 0.5 and 1.5, re-
spectively]. However, an appreciable difference between the
transmission spectra S (g)21 (ω) and S
(e)
21 (ω) occurs when the cou-
pling strength J1/κa between the active and passive cavities
approaches the critical value J1 = JEP2 [see Figs. 3(c)-3(e)].
There are two reasons giving rise to this phenomenon: (i) the
difference ∆Ω± of the energy spectrum is amplified near the
EP2 [see Fig. 2(a)] and (ii) the PT symmetry of the system
narrows the linewidth of the peak in the transmission spec-
trum of the passive cavity. Therefore, one can measure the
states of the weakly coupled qubit using an auxiliary cavity
around the EP2.
IV. READOUT OF A QUBIT AROUND THE EP3
For the case of two auxiliary cavities, the PT -symmetric
condition becomes ∆b = ∆c = 0, J1 = J2, κb = 0, and
κc/κa = 1 when excluding the qubit. Under this condition,
the effective non-Hermitian Hamiltonian H( j)eff in Eq. (9) is re-
duced to a PT -symmetric Hamiltonian,
HPT = − iκaa†a + iκac†c + J1(a†b + ab†) + J1(b†c + bc†),
(16)
which has three eigenvalues,
Ω± = ±
√
2J21 − κ2a, Ω0 = 0. (17)
When 2J21 − κ2a = 0 (i.e., JEP3/κa =
√
2/2), the three eigen-
values coalesce to the EP3, Ω± = Ω0. Obviously, the two
eigenvalues Ω± are real (complex) for J1 > JEP3 (J1 < JEP3).
Different from the case of an auxiliary cavity, we do not
have analytical expressions for the eigenvalues of the system,
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FIG. 4. The transmission spectrum |S ( j)21 (ω)|2 of the passive cavity vs
the probe-field frequency ω/κa in the case of two auxiliary cavities,
where κi/κa = κo/κa = 1/2 and (a) J1 = 0, (b) J1/κa = 0.35, (c)
J1/κa = 0.68, (d) J1/κa = 0.707, (e) J1/κa = 0.72, and (f) J1/κa =
1.05. Other parameters are the same as in Fig. 2(b).
Ω
( j)
± and Ω
( j)
0 , when including the qubit, where j = e ( j = g)
corresponds to the qubit being in the excited (ground) state.
In this case of two auxiliary cavities, we can also define the
differences ∆Ω±,0 between the real parts of the eigenfrequen-
cies Ω(g)±,0 and Ω
(e)
±,0, with ∆Ω± in the same form as Eq. (13),
and ∆Ω0 = Re[Ω
(e)
0 ] − Re[Ω(g)0 ]. Figure 2(b) displays ∆Ω±,0
versus the coupling strength J1/κa in the case of two auxiliary
cavities. When J1 ≈ JEP3, the difference ∆Ω0 reaches its peak
and ∆Ω± approach their dips, respectively, near which it is ap-
propriate to distinguish the qubit states. Comparing Fig. 2(b)
with Fig. 2(a), we see that the perturbation induced by the
qubit (i.e., the differences between the real parts of the sys-
tem’s eigenfrequencies for the qubit being in the ground and
excited states) can be further amplified near the EP3.
In the considered case of two auxiliary cavities, the trans-
mission spectrum S ( j)21 (ω) of the passive cavity in Eq. (14) is
still valid, but the corresponding self-energy in Eq. (15) be-
comes (see Appendix B)
∑
(ω) =
J21
−κb + i(∆b − ω) + J22/[−κc + i(∆c − ω)]
. (18)
In Fig. 4, we plot the transmission spectrum |S ( j)21 (ω)|2 of the
passive cavity versus the probe-field frequency ω/κa for vari-
ous values of the coupling strength J1/κa. Different from the
case without auxiliary cavities [see Fig. 4(a)], i.e., J1 = 0,
|S (g)21 (ω)|2 and |S (e)21 (ω)|2 can be easily distinguished from each
other around J1 = JEP3 [see Figs. 4(c)-4(e)]. Similar to the
case of an auxiliary cavity, |S (g)21 (ω)|2 and |S (e)21 (ω)|2 are indis-
tinguishable when the system’s parameters are away from the
EP3 conditions [see Figs. 4(b) and 4(f) with J1/κa = 0.35 and
1.05, respectively]. In comparison with the case of a sin-
gle auxiliary cavity, the results also verify that the scheme
with two auxiliary cavities can further improve the sensitivity
when measuring the states of the weakly coupled qubit, be-
cause the difference between the transmission spectra S (g)21 (ω)
and S (e)21 (ω) becomes more appreciable [cf. Figs. 3(c)-3(e) and
Figs. 4(c)-4(e)].
V. DISCUSSION AND CONCLUSION
For a 2D SC cavity, there may exist a pair of modes with
close frequencies, only one of which is weakly coupled to a
qubit [19]. In that case, the qubit states can be dispersively
measured by using the other mode as an auxiliary mode. How-
ever, such a scheme has some limitations due to the inevitable
coupling between the qubit and the auxiliary mode [20] as
well as the neglect of the qubit’s decay. In our proposal, the
auxiliary component is either the one or the two 1D SC cavi-
ties, which can be spatially separated from the qubit to avoid
the direct coupling between the auxiliary component and the
qubit. Also, the decay rate of the weakly coupled qubit is
included because it actually cannot be ignored in the weak-
coupling regime. Moreover, as compared with the 2D SC
cavity, the 1D SC cavity is commonly used in the circuit-QED
experiment and has a larger rms zero-point cavity field due to
its smaller effective volume (which can give rise to a stronger
coupling strength).
In Ref. [21], two coupled SC cavities with PT symmetry,
one with gain and the other with loss, have been theoretically
proposed, where the gain is realized using an auxiliary SC
qubit. In addition, a tunable coupling between two SC cav-
ities has also been explored [43, 44]. With these available
conditions, our scheme can be experimentally implementable
in SC circuits, where the weakly coupled qubit can be either
an electron spin or a SC qubit. In aPT -symmetric system, the
spectral splitting resulting from a small perturbation ξ follows
a ξ1/n dependence near an EPn [39, 40]. Theoretically, one
can increase the eigenfrequency difference of the system for
the qubit being in the ground and excited states by harnessing
even more auxiliary cavities to synthesize a higher-order EP.
However, it becomes an experimental challenge when synthe-
sizing such a higher-order EP because more system’s param-
6eters should be tuned simultaneously to satisfy the conditions
of an EPn.
For available experimental parameters, some non-
Hermitian quantum systems are implemented probabilis-
tically (see, e.g., Refs. [45–47]). Specifically, in the
one-dimensional non-Hermitian XY model studied in
Ref. [45], the non-Hermiticity is from measuring whether or
not a spontaneous decay has occurred in an atom, which is
probabilistic. However, in our approach, the non-Hermitian
systems are implemented in a deterministic manner, with
given losses and gains related to the non-Hermiticity of the
systems.
In summary, we have proposed two schemes to measure the
quantum states of a qubit weakly coupled to a passive cavity in
the dispersive regime. For a circuit QED in the weak-coupling
regime [5, 6], it is difficult to measure the states of a qubit with
the conventional dispersive readout method. However, in our
scheme, we employ either an auxiliary cavity or two auxiliary
cavities to form an EP2 or EP3 when the weakly coupled qubit
is ignored. By studying the energy spectrum, we find that
the difference of the energy spectra for the qubit being in the
ground and excited states, respectively, can be amplified near
the EP2 and EP3 [37–40], which is measurable by probing
the transmission spectrum of the passive cavity in the exper-
iment. Our improved dispersive readout method paves a way
to measure the quantum states of a qubit weakly coupled to
a passive cavity. Compared with the conventional dispersive
readout method in the strong-coupling regime, our schemes
can also reduce the backaction induced by the measurement
on the weakly coupled qubit.
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Appendix A: The effective non-Hermitian Hamiltonian
1. The case of an auxiliary cavity
In a rotating frame with respect to the frequency ωa of the
passive cavity, the total Hamiltonian H in Eq. (4) becomes
H = ∆bb†b+
1
2
∆qσz + g(a†σ− + aσ+) + J1(a†b+ ab†), (A1)
where ∆b = ωb − ωa is the frequency detuning between cav-
ity modes a and b. When a probe field ain (i.e., the input
field) acts on the passive cavity, the quantum dynamics of the
system is governed by the following quantum Langevin equa-
tions [41]:
a˙ = −κaa − igσ− − iJ1b +
√
2κi ain,
b˙ = −i(∆b + iκb)b − iJ1a,
σ˙− = −i(∆q − iγ)σ− + igaσz,
(A2)
where κb is the gain rate of the auxiliary cavity and κi denotes
the coupling strength between the probe field ain and the mode
a of the lossy cavity. In the dispersive regime g  ∆q, we
suppose that the qubit is in the steady state. Then, we obtain
σ− =
g
∆q − iγaσz, (A3)
by solving the third equation in Eq. (A2) with σ˙− = 0.
Substituting the above expression of σ− into the first equa-
tion in Eq. (A2) and then replacing the operator σz with its
eigenvalues ±1 to eliminate the degree of freedom of the qubit,
we have
a˙ = −i(δ( j)q − iκa)a − iJ1b +
√
2κi ain,
b˙ = −i(∆b + iκb)b − iJ1a,
(A4)
where the qubit-induced frequency shifts δ( j)q ( j = e, g) of
the passive cavity mode are given in Eq. (6). The quantum
Langevin equations in Eq. (A4) can be rewritten as
a˙ = −i[a,H( j)eff ] +
√
2κi ain, b˙ = −i[b,H( j)eff ], (A5)
where H( j)eff , as given in Eq. (5), is the effective non-Hermitian
Hamiltonian of the system.
2. The case of two auxiliary cavities
Also in a rotating frame with respect to the frequency ωa
of the passive cavity, we can write the total Hamiltonian in
Eq. (8) as
H = ∆bb†b + ∆cc†c +
1
2
∆qσz + g(a†σ− + aσ+)
+ J1(a†b + ab†) + J2(b†c + bc†),
(A6)
where ∆c = ωc −ωa is the frequency detuning between cavity
modes a and c. Using the quantum Langevin approach [41],
we can obtain the following equations to describe the quantum
dynamics of the system:
a˙ = −κaa − igσ− − iJ1b +
√
2κi ain,
b˙ = −i(∆b + iκb)b − iJ1a − iJ2c,
c˙ = −i(∆c + iκc)c − iJ2b,
σ˙− = −i(∆q − iγ)σ− + igaσz,
(A7)
with κc being the gain rate of the cavity c. Assuming the qubit
is in the steady state and eliminating its degree of freedom, we
have
a˙ = −i(δ( j)q − iκa)a − iJ1b +
√
2κi ain,
b˙ = −i(∆b + iκb)b − iJ1a − iJ2c,
c˙ = −i(∆c + iκc)c − iJ2b.
(A8)
7We can convert the first two equations in Eq. (A8) to the same
compact form as in Eq. (A5) and rewrite the third equation in
Eq. (A8) as
c˙ = −i[c,H( j)eff ], (A9)
where H( j)eff is the effective non-Hermitian Hamiltonian in
Eq. (9).
Appendix B: Transmission coefficient
In both cases of single and double auxiliary cavities, we can
derive the transmission coefficient of cavity a. By perform-
ing the Fourier transform, the quantum Langevin equations in
Eq. (A4) can be converted to
− i(δ( j)q − ω − iκa)a − iJ1b +
√
2κi ain = 0,
− i(∆b − ω + iκb)b − iJ1a = 0,
(B1)
where ω is the frequency of the probe field ain fed into the
cavity via the input port. Solving the above equation, the field
a of the passive cavity can be expressed as
a( j) =
√
2κi ain
κa + i(δ
( j)
q − ω) + ∑(ω) , (B2)
where the self-energy
∑
(ω) induced by the cavity with gain is
given in Eq. (15). According to the input-output theory [41],
the intracavity field a can be connected with the output field
aout, which goes out from the passive cavity at the output port,
via the relation
a( j)out =
√
2κo a( j), (B3)
where κo is the coupling strength between modes a and aout.
Here we have assumed that there is no input field at the out-
put port. Combining Eqs. (B2) and (B3) and using the rela-
tion a( j)out = S
( j)
21 (ω)ain, we obtain the transmission coefficient
S ( j)21 (ω) of the passive cavity given in Eq. (14).
For the case of two auxiliary cavities, via the Fourier trans-
form, the quantum Langevin equations in Eq. (A8) can be con-
verted to
− i(δ( j)q − ω − iκa)a − iJ1b +
√
2κi ain = 0,
− i(∆b − ω + iκb)b − iJ1a − iJ2c = 0,
− i(∆c − ω + iκc)c − iJ2b = 0.
(B4)
From Eq. (B4), it is easy to verify that the expression of oper-
ator a can also be written in the same form as in Eq. (B2), but
the corresponding self-energy is given by Eq. (18). With this
self-energy, the transmission coefficient S ( j)21 (ω) of the passive
cavity in Eq. (14) can then be obtained.
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